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A group G is said to be 2-generated if it can be generated by two suitable
elements. In this paper the authors continue the study of two special kinds of
 .2-generations, namely l, m, n -generations and nX-complementary generations, of
the sporadic simple groups. The problem is resolved for the group J . Q 19994
Academic Press
1. INTRODUCTION AND PRELIMINARIES
This paper is intended as part of a series of papers on two special kinds
of 2-generations of the sporadic simple groups. A group G is said to be
 .  :  .  .  .l, m, n -generated if G s x, y , with o x s l, o y s m, and o xy s n.
 .In this case G is a quotient group of the triangular group T l, m, n and,
  .  .  ..by the definition of the triangular group, G is also p l , p m , p n -gen-
erated for any p g S . We may therefore assume l F m F n.3
 .Related to the l, m, n -generations of a group G are the nX-comple-
mentary generations of G. Let nX denote a general conjugacy class of the
group G containing elements of order n. A group G is said to be
nX-complementary generated if, given an arbitrary non-identity element
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 : w xx g G, there exists a y g nX such that G s x, y . In Woldar 22 it is
proved that it suffices to assume that x is of prime order. Thus G is
nX-complementary generated if and only if for each conjugacy class pY of
G, p a prime, there exists a conjugacy class t Z such that G ispY
 .pY, nX, t Z -generated.pY
 .In a series of papers the authors established all possible p, q, r -genera-
tions, where p, q, r are distinct primes, and nX-complementary genera-
tions of the sporadic groups J , J , J , HS, McL, Co , Co , and F cf.1 2 3 3 2 22
w x.6]11, 15, 16 . The motivation for this study is outlined in these papers
and the reader is encouraged to consult these papers for background
material as well as basic computational techniques.
w xThroughout this paper we use the same notation as in 6, 7 . In
 .  .particular, D G s D lX, mY, nZ denotes the structure constant of G for
the conjugacy classes lX, mY, nZ, whose value is the cardinality of the set
 . < 4G s x, y xy s z , where x g nX, y g mY, and z is a fixed element of
 . U  . the conjugacy class nZ. Also, D* G s D lX, mY, nZ and S H j ??? jG 1
.  .  :H denote the number of pairs x, y g G such that G s x, y andr
 :  .  .x, y : H for some 1 F i F r , respectively. The number of pairs x, yi
 .g G generating a subgroup H of G will be given by S* H and the
 .centralizer of a representative of lX will be denoted by C lX . A generalG
conjugacy class of a subgroup H of G with elements of order n will be
 .  .denoted by nx. Clearly, if D* G ) 0, then G is lX, mY, nZ -generated
 .and lX, mY, nZ is called a generating triple for G. The number of
conjugates of a given subgroup H of G containing a fixed element z is
 .given by x z , where x is the permutation character of G withN H . N H .G G
 w x.action on the conjugates of H cf. 22 . In most cases we will calculate this
 .value from the fusion map from N H into G.G
We now turn our attention to the question: Can we deduce other
 .generating triples for G from a given generating triple lX, mY, nZ ? The
 .  .structure constant D lX, mY, nZ plays a central role in l, m, n -genera-G
tion and for this reason we first study some of its properties.
Let G be a finite group with exponent s. Let « be a primitive sth roots
of unity over Q and ZU the multiplicative group of integers relativelys
prime to s. We adopt the following notation: Given a complex n th root ofi
 .unity « , we put Q « , . . . , « s Q . Let x be a character of Gn n n n , . . . , nt 1 k 1 k
 . s s  .and s g Gal Q rQ . The Galois conjugate x of x is defined by x gs
  ..s s x g for all g g G. The proof of the following elementary proper-
w xties of Galois conjugates can be found in 13 .
LEMMA 1.1. Let C , C , . . . , C and x , x , . . . , x be the conjugacy1 2 r 1 2 r
classes and the ordinary irreducible characters of G, respecti¨ ely.
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 .  4  .1. The group Gal Q rQ acts on x , x , . . . , x with s g Gal Q rQs 1 2 r s
 . m U s s  .   ..and s « s « , m g Z , sending x to x gi¨ en by x g s s x g ss s s i i i i
 m.x g for all g g G.i
 .  42. The group Gal Q rQ acts on C , C , . . . , C with s as befores 1 2 r
s u  u < 4 Usending C to C s C s g g g C , where u is the in¨erse of m in Z .i i i i s
 .  43. For each s g Gal Q rQ and for all i, j g 1, . . . , r , we ha¨es
 . s  s .x C s x C .i j i j
 .  m.4. x is Q-¨alued if and only if x g s x g for all g g G andi i i
m g ZU.s
It is well known from Galois theory that if m and n are positive integers
 .with gcd m, n s d, then Q l Q s Q . Suppose that l, m, and n arem n d
integers that are pairwise coprime and divide the exponent s of the group.
 .Let s g Gal Q rQ . Then Q : Q and the restriction of s to Q ,s l, m , n s l, m , n
<  .denoted by s Q , is an element of Gal Q rQ . Alsol, m , n l, m , n
Gal Q rQ ( Gal Q rQ = Gal Q rQ = Gal Q rQ .  .  .  .l , m , n l m n
<and therefore s Q is completely determined by the primitive roots ofl, m , n
unity « , « , and « .l m n
THEOREM 1.2. Let G be a finite group and let l, m, and n be integers that
are pairwise coprime. Then, for any integer t coprime to n, we ha¨e
t
D lX , mY , nZ s D lX , mY , nZ . .  . .
 .   . t.Moreo¨er, G is lX, mY, nZ -generated if and only if G is lX, mY, nZ -
generated.
 .Proof. Let s be the exponent of G and choose s g Gal Q rQ suchs
that
<s Q « s « , . .l , m , n l l
<s Q « s « , . .l , m , n m m
< ts Q « s « . . .l , m , n n n
 .Since x nZ is a sum of nth roots of unity, we havei
ts <x nZ s s Q x nZ s x nZ . .  .  . .  .  .i l , m , n i i
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Now from Lemma 1.1 we have
t
x lX x mY x nZ .  .  . .i i i
x 1 .i G .x gIrr Gi
sx lX x mY x nZ .  .  .i i is 
x 1 .i G .x gIrr Gi
s s s s sx lX x mY x nZ .  .  .i i is  s sx 1 .i G .x gIrr Gi
s sx lX x mY x nZ .  .  .i i is ,
x 1 .i G .x gIrr Gi
 s . sy1  .as s permutes the irreducible characters of G. Now x lX s x lXi i
 .  . a1 a2 ak  .cf. Lemma 1.1 and if x lX s « q « q ??? q« , where k s x 1 ,i l l l i G
then
a a a1 2 kss x lX s x lX s s « q s « q ??? q s « .  .  .  .  . .i i l l l
s « a1 q « a2 q ??? q« ak s x lX .l l l i
 .  . y1for all x g Irr G . Thus x lX is a fixed point of s . Similarly,i i
sy1  .  .x mY s x mY and thereforei i
t< < < <lX mY x lX x mY x nZ .  .  . .i i it
D lX , mY , nZ s . . G < <G x 1 .i G .x gIrr Gi
< < < <lX mY x lX x mY x nZ .  .  .i i is < <G x 1 .i G .x gIrr Gi
s D lX , mY , nZ . .G
Let H - G containing a fixed element z in nZ. Then by the preceding
 .   . t.argument D lx, my, nz s D lx, my, nz for all conjugacy classesH H
lx, my, nz of H that fuse to lX, mY, nZ, respectively. Therefore
 .   . t.  .S lX, mY, nZ s S lX, mY, nZ . Since D* G is completely deter-H H
U  .mined by the subgroups containing z, it follows that D lX, mY, nZ ) 0G
U t  . .if and only if D lX, mY, nZ ) 0, proving the result.G
The condition that l, m, and n are pairwise coprime is necessary.
 .  w x.Consider the simple Ree group R 27 cf. ATLAS 4 . The conjugacy
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 .3classes 26B s 26 A and the structure constants
D 6B , 13B , 26 A s 7183566 and .R27.
D 6B , 13B , 26B s 7193043. .R27.
A further useful result is:
w xLEMMA 1.3 20 . Let G be a finite centerless group and suppose lX, mY, nZ
 . U  . <  . <are G-conjugacy classes for which D* G s D lX, mY, nZ - C nZ .G G
 .  .Then D* G s 0 and therefore G is not lX, mY, nZ -generated.
Computations were carried out with the aid of GAP running on a Sun
OS computer. The ATLAS serves as a valuable source of information and
we use the Atlas notation for conjugacy classes, maximal subgroups, etc.
As a consequence of the remark in the first paragraph, we need to
 .consider the p, q, r -generations of J with r s 7, 11 and r ) 11. We will4
deal separately with each case in Section 2, 3, and 4, respectively. The
nX-complementary generation of J will be considered in Section 5.4
 .2. p, q, 7 -GENERATIONS OF J4
w xIn 1976, Janko 12 described the properties of the fourth Janko simple
group J of order 221 ? 33 ? 5 ? 7 ? 113 ? 23 ? 29 ? 31 ? 37 ? 43. Let E be an4
extra-special 2-subgroup of a finite group G. The subgroup E is said to be
 .   ..    ..``large'' in G if C E : E and E s O C E9 where O C E9 is theG 2 G 2 G
 ..normal subgroup generated by all normal 2-subgroups of C E9 . TheG
majority of the 26 sporadic simple groups possess such large extra-special
2-subgroups. In the process of determining finite simple groups with large
extra-special 2-subgroups, Janko discovered the sporadic simple group J .4
The group was constructed in 1980 by Benson, Conway, Norton, Parker,
 w x.  .and Thackray cf. 1, 17 as a group of 112 = 112 matrices over GF 2 .
w xThe subgroup structure of J is discussed by Kleidman and Wilson 14 .4
They established that the only non-abelian characteristically simple sub-
 .  .  .  .  .groups of J are A , A , A , A , L 7 , L 11 , L 23 , L 32 , L 4 ,4 5 6 7 8 2 2 2 2 3
 .  .  .U 3 , U 11 , L 2 , M , M , M , M , and M .3 3 5 11 12 22 23 24
w xTHEOREM 2.1 14 . The fourth Janko simple group J has exactly 134
conjugacy classes of maximal subgroups, as follows:
 .  .  .A Fi¨ e classes of non-local subgroups: U 11 :2, M :2, L 32 :5,3 22 2
 .  .L 23 :2, and U 3 .2 3
 . 11 10  . 1q12B Eight classes of local subgroups: 2 : M , 2 : L 2 , 2 ? 3 ?24 5 q
3q12   .. 1q2  .M :2, 2 . S = L 2 , 11 : 5 = 2S , 29:28, 37:12, and 43:14.22 5 3 q 4
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 .  4LEMMA 2.2. The group J is 2 X, 3 A, 7Y -generated for X, Y g A, B if4
and only if X s B.
 .  .Proof. We first consider the triple 2 A, 3 A, 7Y . Let L ( L 7 be2
contained in the conjugacy class of subgroups with non-empty intersection
 .  w .with the class 2 A and N L s L cf. 14, Prop. 5.4.2 . Further, let x g LJ4
be a fixed element of order 7. Then the fusion map of L into J yields4
2 a ª 2 A , 3a ª 3 A , 7a ª 7A , 7b ª 7B.
<  . < <  . <Since C x s 7 and C x s 840, it follows that x is contained inL J4
 .exactly x x s 120 conjugates of L. We observe that no maximal sub-L
 .group of L 7 has order divisible by 2 = 3 = 7 and hence no proper2
 .subgroup of L is 2, 3, 7 -generated. Therefore
D* J F D J y 120S L 7 .  .  . .4 4 2
s 1435 y 120 7 s 595 - C x . .  .J4
 .Thus by Lemma 1.3 we conclude that J is not 2 A, 3 A, 7Y -generated.4
 .Next we consider the triple 2 B, 3 A, 7Y . We calculate the structure
 .constant D J s 14889. The maximal subgroups of J with non-empty4 4
intersection with all the conjugacy classes in this triple are, up to isomor-
11 1q12 10  . 3q12   ..phisms, 2 : M , 2 ? 3 ? M :2, 2 : L 2 , and 2 . S = L 2 . Our24 q 22 5 5 3
calculations give
D* J G D J y 5S 211 : M y 10S 210 : L 2 .  .  . .  .4 4 24 5
y 10S 21q12 ? 3 ? M :2 y S 23q12 . S = L 2 . . .  .q 22 5 3
s 14889 y 5 385 y 10 189 y 10 217 y 154 s 6130, .  .  .
 .and therefore J is 2 B, 3 A, 7Y -generated.4
 . w xThe 2 B, 3 A, 7Y -generation of J was first proved by Woldar 21 , in4
order to show that J is a Hurwitz group. The original proof is quite4
extensive and the preceding is an alternative proof.
 .  4LEMMA 2.3. The group J is 2 X, 5 A, 7Y -generated for all X, Y g A, B .4
Proof. We treat the two cases X s A and X s B separately.
 .Case 2 A, 5 A, 7Y . The maximal subgroups of J with order divisible4
by 7 and non-empty intersection with the conjugacy classes 2 A and 5 A are
11 1q12 10  . 3q12   ..isomorphic to 2 : M , 2 ? 3 ? M :2, 2 : L 2 , 2 . S = L 2 , and24 q 22 5 5 3
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M :2. We calculate22
D* J G D J y 5S 211 : M y 10S 21q12 ? 3 ? M :2 .  .  .  .4 4 24 q 22
y 10S 210 : L 2 y S 23q12 . S = L 2 y 60S M :2 .  .  . . .  .5 5 3 22
s 517440 y 5 3360 y 10 252 y 10 2688 y 0 y 60 224 .  .  .  .
s 457800,
 .and therefore J is 2 A, 5 A, 7Y -generated.4
 .Case 2 B, 5 A, 7Y . The maximal subgroups of J with non-empty4
intersection with all the conjugacy classes in this triple are isomorphic to
11 10  . 1q12 3q12   ..2 : M , 2 : L 2 , 2 ? 3 ? M :2, and 2 . S = L 2 . We calculate24 5 q 22 5 3
D* J G D J y 5S 211 : M y 10S 21q12 ? 3 ? M :2 .  .  .  .4 4 24 q 22
y 10S 210 : L 2 y S 23q12 . S = L 2 .  . . .  .5 5 3
s 7415800 y 5 9744 y 10 488 y 10 6720 y 0 ) 0, .  .  .
and generation of J by this triple follows. This completes the proof.4
 .  4LEMMA 2.4. The group J is 3 A, 5 A, 7Y -generated for all Y g A, B .4
11 10  . 1q12Proof. Up to isomorphisms, 2 .M , 2 : L 2 , 2 ? 3 ? M :2,24 5 q 22
3q12   ..2 . S = L 2 , and M :2 are the only maximal subgroups that may5 3 22
 .contain 3 A, 5 A, 7Y -generated proper subgroups. Now
S 211 : M s 274176, S 22q12 ? 3 ? M :2 s 19712, .  .24 q 22
S 210 : L 2 s 84672, S 23q12 . S = L 2 s 0 and .  . . .  .5 5 3
S M :2 s 2464. .22
 .  .The 3 A, 5 A, 7Y -generation of J now follows since D J s 4753175840.4 4
 .3. p, q, 11 -GENERATIONS OF J4
 .The investigation of the p, q, 11 -generation of J will require knowl-4
edge of all the maximal subgroups of J with order divisible by 11. They4
11 1q12  . 1q2 are, up to isomorphisms, 2 : M , 2 ? 3 ? M :2, U 11 :2, 11 : 5 =24 q 22 3 q
.  .  .2S , L 32 :5, L 23 :2, and M :2.4 2 2 22
 .  4LEMMA 3.1. The group J is 2 X, 3 A, 11Y -generated for X, Y g A, B4
 .  .if and only if the ordered pair X, Y s B, B .
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Proof. We treat each case separately.
 .  . <  . <Case 2 A, 3 A, 11 A . We calculate D J s 3993 - C 1 A s 31944.4 J4
 .Thus from Lemma 1.3 it follows that J is not 2 A, 3 A, 11 A -generated.4
 .  .Case 2 B, 3 A, 11 A . The structure constant D J s 33275 and4
  ..  .S L 32 s 33. Let H F J with H ( L 32 . If x g H is a fixed element2 4 2
of order 11, then x is contained in 968 conjugates of H. The maximal
subgroups of H with order divisible by 2 = 3 = 11 are isomorphic to the
 .   ..dihedral group D . Furthermore, S D s 0 and therefore S* L 32 s66 66 2
33. Thus
D* J F D J y 968S* H s 1331 - C 11 A , .  .  .  .4 4 J4
and non-generation of J by this triple follows.4
 .Case 2 A, 3 A, 11B . As stated earlier the group J possesses a 112-di-4
 .mensional irreducible representation V over GF 2 . From this representa-
  ..tion we can generate J by two 112 = 112 matrices a and b over GF 2 ,4
 .  .  .where o a s 2, o b s 4, and o ab s 37. Using MeatAxe and GAP, we
calculate
dim VrC 2 A s 50, dim VrC 3 A s 72, .  . .  .V V
dim VrC 11B s 100. . .V
Since 50 q 72 q 100 s 222 - 224, it follows from Scott's theorem cf.
w x.  .19 that J is not 2 A, 3 A, 11B -generated.4
 .Case 2 B, 3 A, 11B . The maximal subgroups of J with non-empty4
intersection with the classes 2 B, 3 A, and 11B are isomorphic to 211: M ,24
 . 1q2  .  .  .U 11 :2, 11 : 5 = 2S , and L 23 :2. We calculate D J s 18755,3 q 4 2 4
 11 .   . .  1q2  ..   . .S 2 : M s 715, and S U 11 :2 s S 11 : 5 = 2S s S L 23 :2 s24 3 q 4 2
0. Moreover, a fixed element of order 11 is contained in exactly 11
11  .  .conjugate of a 2 : M subgroup. Thus D* J G 18755 y 11 715 ) 0 and24 4
 .whence 2 B, 3 A, 11B is a generating triple for J . This completes the4
proof.
 .LEMMA 3.2. The group J is 2 X, 5 A, 11Y -generated for all X, Y g4
 4A, B .
Proof.
 .Case 2 X, 5 A, 11 A . The maximal subgroups of J with non-empty4
intersection with all the classes in this triple are, up to isomorphisms,
1q12  . 1q2  .  .2 ? 3 ? M :2, U 11 :2, 11 : 5 = 2S , and L 32 :5. We calculateq 22 3 q 4 2
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  . .  1q2  ..   . .S U 11 :2 s S 11 : 5 = 2S s S L 32 :5 s 0. Therefore3 q 4 2
DU 2 A , 5 A , 11 A G D J y 121S 21q12 ? 3 ? M :2 .  .  .J 4 q 224
s 742698 y 121 66 s 734712, .
DU 2 B , 5 A , 11 A G D J y 121S 21q12 ? 3 ? M :2 .  .  .J 4 q 224
s 5337310 y 121 22 s 5334648, .
and generation by these triples follows.
 .Case 2 X, 5 A, 11B . The only maximal subgroups that may contain
 . 112 X, 5 A, 11B -generated proper subgroups are isomorphic to 2 : M ,24
 . 1q2  .  1q2  ..U 11 :2, 11 : 5 = 2S , and M :2. Moreover, S 11 : 5 = 2S s 03 q 4 22 q 4
and therefore
DU 2 A , 5 A , 11B .J4
G D J y 11S 211 : M y 3S U 11 :2 y 22S M :2 .  .  . . .4 24 3 22
s 916696 y 11 2552 y 3 726 y 22 176 ) 0, .  .  .
DU 2 B , 5 A , 11B .J4
G D J y 11S 211 : M y 3S U 11 :2 y 22S M :2 .  .  . . .4 24 3 22
s 6340884 y 11 6424 y 0 y 0 ) 0. .
 .Thus J is 2 X, 5 A, 11B -generated, and the result follows.4
 .LEMMA 3.3. The group J is 3 A, 5 A, 11Y -generated for all X, Y g4
 4A, B .
Proof.
 .Case 3 A, 5 A, 11 A . The maximal subgroups with non-empty intersec-
tion with all these classes are, up to isomorphisms, 21q12 ? 3 ? M :2,q 22
 . 1q2  .  .  1q2  ..U 11 :2, 11 : 5 = 2S , and L 32 :5. We calculate S 11 : 5 = 2S3 q 4 2 q 4
  . .s S L 32 :5 s 0 and2
121S 21q12 ? 3 ? M :2 q 3S U 11 :2 . . .q 22 3
s 121 19712 q 3 2662 s 2393138. .  .
 .  .Since D J s 5139555344, it follows that D* J ) 0 and therefore J is4 4 4
 .3 A, 5 A, 11 A -generated.
 .Case 3 A, 5 A, 11B . The maximal subgroups with non-empty intersec-
11  .tion with the classes 3 A, 5 A, and 11B are isomorphic to 2 : M , U 11 :2,24 3
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1q2  .  1q2  ..11 : 5 = 2S , and M :2. Also S 11 : 5 = 2S s 0, andq 4 22 q 4
D* J G D J y 11S 211 : M y 3S U 11 :2 y 22S M :2 .  .  .  . . .4 4 24 3 22
s 5285060264 y 11 284944 y 3 26620 y 22 2144 .  .  .
s 5281798852,
and the result follows.
 .  .LEMMA 3.4. The group J is 2 X, 7Y, 11Z -, 3 A, 7Y, 11Z -, and4
 .  45 A, 7Y, 11Z -generated for all X, Y, Z g A, B .
Proof. The maximal subgroups of J with order divisible by 7 = 11 are4
isomorphic to 211: M , 21q12 ? 3 ? M :2, and M :2. Also 211: M l 11 A s24 q 22 22 24
B s M :2 l 11 A, 21q12 ? 3 ? M :2 l 11B s B, and M :2 l 2 B s B.22 q 22 22
Therefore
DU 2 A , 7Y , 11 A G 4557344 y 121 3608 s 4120776, .  .J4
DU 2 A , 7Y , 11B G 4365196 y 11 6600 y 22 176 s 4288724, .  .  .J4
DU 2 B , 7Y , 11 A G 57925120 y 121 6952 s 57083928 .  .J4
DU 2 B , 7Y , 11B G 57792020 y 11 17688 y 0 s 57597452 .  .J4
DU 3 A , 7Y , 11 A G 38254060480 y 121 223168 s 38227057152 .  .J4
DU 3 A , 7Y , 11B G 38232329344 y 11 749056 y 22 1760 .  .  .J4
s 38224051008,
DU 5 A , 7Y , 11 A G 15300853706336 y 121 538208 s 15300788583168, .  .J4
DU 5 A , 7Y , 11B G 15303576037904 y 11 7834112 y 22 12672 .  .  .J4
s 15303489583888.
Therefore these triples generate J , proving the result.4
 .4. p, q, r -GENERATIONS OF J4
 .In this section we consider the p, q, r -generation of J , where r ) 114
< <is a prime divisor of J .4
 .LEMMA 4.1. The group J is pX, qY, 23 A -generated for all distinct4
conjugacy classes pX and qY, where p F q are primes and q ) 2.
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Proof. Let pX and qY be any two distinct conjugacy classes, where
p F q are odd primes. The maximal subgroups of J containing elements4
11  .of order 23 are isomorphic to 2 : M or L 23 :2. Therefore24 2
DU pX , qY , 23 A G D J y 2S 211 : M y S L 23 :2 . .  .  . . .J 4 24 24
U  .It now follows from this relation and Table I that D pX, qY, 23 A ) 0J4
for all distinct classes pX and qY containing prime order elements and
 .q ) 2. Thus J is pX, qY, 23 A -generated.4
TABLE I
Structure Constants
 .  .  .qY D 2 A, qY, 23 A D 2 B, qY, 23 A D 3 A, qY, 23 AJ J J4 4 4
3 A 621 18055 }
5 A 451030 7461476 4638610928
7Y 4915606 56620618 39137221728
11 A 108445 1510226 987224032
11B 13917277 203065896 130650349632
 .  .  .11 11 11qY S 2 A, qY, 23 A S 2 B, qY, 23 A S 3 A, qY, 23 A2 : M 2 : M 2 : M24 24 24
3 A 161 437 }
5 A 2070 4002 286304
7Y 7820 13892 1750208
11 A 0 0 0
11B 48576 110400 5581824
 .  .  .qY S 2 A, qY, 23 A S 2 B, qY, 23 A S 3 A, qY, 23 AL 23.:2 L 23.:2 L 23.:22 2 2
3 A 23 0 }
5 A 0 0 0
7Y 0 0 0
11 A 0 0 0
11B 115 0 230
 .  .  .qY D 5 A, qY, 23 A D 7X, qY, 23 A D 11 A, qY, 23 AJ J J4 4 4
7Y 15406480371640 } }
11 A 400689589224 3239401364064 }
11B 52881475189488 427529654927936 11156081945921
 .  .  .11 11 11qY S 5 A, qY, 23 A S 7X, qY, 23 A S 11 A, qY, 23 A2 : M 2 : M 2 : M24 24 24
7Y 6217728 } }
11 A 0 0 }
11B 47857664 138674176 0
 .  .  .qY S 5 A, qY, 23 A S 7X, qY, 23 A S 11 A, qY, 23 AL 23.:2 L 23.:2 L 23.:22 2 2
7Y 0 } }
11 A 0 0 }
11B 0 0 0
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 .LEMMA 4.2. The group J is pX, qY, 29A -generated for all distinct4
conjugacy classes pX and qY, where p F q are primes and q ) 2.
Proof. The only maximal subgroups of J with order divisible by 29 are4
isomorphic to 29:28. Since 29:28 has a soluble quotient, it is not
 .  .pX, qY, 29A -generated and hence S 29:28 s 0 for all conjugacy classes
U  .pX and qY containing prime order elements. Therefore D pX, qY, 29AJ4
 .  .s D pX, qY, 29A ) 0 cf. Table II for all the triples in the statement ofJ4
the lemma, and the result follows.
 .LEMMA 4.3. The group J is pX, qY, 31Z -generated for all distinct4
conjugacy classes pX and qY, where p F q are primes.
Proof. The maximal subgroups of J containing elements of order 314
10  .  .are, up to isomorphisms, 2 : L 2 and L 32 :5. Therefore for all these5 2
triples we have
D* J G D J y 2S 210 : L 2 y S L 32 :5 . .  .  .  . . .4 4 5 2
 .It is evident from Table III that D* J ) 0 for all these triples, proving4
generation of J by these triples.4
 .LEMMA 4.4. The group J is pX, qY, 37Z -generated for all distinct4
conjugacy classes pX and qY, where p F q are primes and q ) 2.
Proof. The maximal subgroups of J containing elements of order 374
 .are, up to isomorphisms, U 11 :2 and 37:12. Similar to our discussion in3
TABLE II
Structure Constants
 .  .  .qY D 2 A, qY, 29A D 2 B, qY, 29A D 3 A, qY, 29AJ J J4 4 4
3 A 348 19314 }
5 A 458026 7470342 4638228912
7Y 4906916 56470540 39112667488
11 A 105473 1538624 989959776
11B 13921943 203382916 130697077504
23 A 187115511 2039767316 1439185637376
 .  .  .qY D 5 A, qY, 29A D 7X, qY, 29A D 11 A, qY, 29AJ J J4 4 4
7Y 15407517421568 } }
11 A 400522116224 3238688151040 }
11B 52878769081600 427512922845184 11158290168703
23 A 563967038373888 4488114677481472 118462964398447
 .qY D 11B, qY, 29AJ4
23 A 15637110781392837
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TABLE III
Structure Constants
 .  .  .qY D 2 A, qY, 31Z D 2 B, qY, 31Z D 3 A, qY, 31ZJ J J4 4 4
3 A 1240 17856 }
5 A 585218 7101976 4850352008
7Y 4731158 56863114 388176563328
11 A 123659 1496246 1020640032
11B 16370387 197346248 134723982272
23 A 173062739 2039767316 1417768290752
29A 137252283 2076797880 1124436888576
 .  .  .10 10 10qY S 2 A, qY, 31Z S 2 B, qY, 31Z S 3 A, qY, 31Z2 : L 2. 2 : L 2. 2 : L 2.5 5 5
3 A 62 186 }
5 A 2232 5704 80352
7Y 744 2232 51584
11 A 0 0 0
11B 0 0 0
23 A 0 0 0
29A 0 0 0
 .  .  .qY S 2 A, qY, 31Z S 2 B, qY, 31Z S 3 A, qY, 31ZL 32.:5 L 32.:5 L 32.:52 2 2
3 A 0 31 }
5 A 0 0 0
7Y 0 0 0
11 A 0 155 155
11B 0 0 0
23 A 0 0 0
29A 0 0 0
 .  .  .qY D 5 A, qY, 31Z D 7X, qY, 31Z D 11 A, qY, 31ZJ J J4 4 4
7Y 15372586954808 } }
11 A 404233356328 3233911632480 }
11B 53358910283888 426876352051776 11225110434879
23 A 561436150052976 4491489176657472 118108285918767
29A 445276930754048 3562215560183808 93672090722931
 .  .  .10 10 10qY S 5 A, qY, 31Z S 7X, qY, 31Z S 11 A, qY, 31Z2 : L 2. 2 : L 2. 2 : L 2.5 5 5
7Y 2027648 } }
11 A 0 0 }
11B 0 0 0
23 A 0 0 0
29A 0 0 0
 .  .  .qY S 5 A, qY, 31Z S 7X, qY, 31Z S 11 A, qY, 31ZL 32.:5 L 32.:5 L 32.:52 2 2
7Y 0 } }
11 A 0 0 }
11B 0 0 0
23 A 0 0 0
29A 0 0 0
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TABLE III
Continued
 .  .qY D 11B, qY, 31Z D 23 A, qY, 31ZJ J4 4
23 A 15590293070834757 }
29A 12364715158080241 130098307677359105
 .  .10 10qY S 11B, qY, 31Z S 23 A, qY, 31Z2 : L 2. 2 : L 2.5 5
23 A 0 }
29A 0 0
 .  .qY S 11B, qY, 31Z S 23 A, qY, 31ZL 32.:5 L 32.:52 2
23 A 0 }
29A 0 0
 .Lemma 4.2, we have S 37:12 s 0 and therefore for all these triples
D* J G D J y 2S U 11 :2 . .  .  . .4 4 3
 .We calculate D 31 X, 31Y, 37Z s 90297160343250377 for all X, Y gJ4
 4   . .  .A, B, C and S U 11 :2 s 0. It now follows from Table IV that D* J3 4
) 0 for all these triples, proving generation of J by these triples.4
 .LEMMA 4.5. The group J is pX, qY, 43Z -generated for all distinct4
conjugacy classes pX and qY, where p F q are primes and q ) 2.
Proof. The only maximal subgroups of J with order divisible by 43 are4
 .isomorphic to 43:14. However, S 43:14 s 0 for all conjugacy classes pX
and qY containing prime order elements. We note from Table V that
U  .  .D pX, qY, 43 A s D pX, qY, 43 A ) 0 for all the triples in the state-J J4 4
ment of the lemma, and the result follows.
We are now ready to state one of the main results in this chapter.
 .THEOREM 4.6. The Janko group J is p, q, r -generated for all p, q, r g4
 4  .  .2, 3, 5, 7, 11, 23 with p - q - r, except when p, q, r s 2, 3, 5 .
Proof. The proof follows from the lemmas proved in Sections 2]4 and
 .the fact that the triangular group T 2, 3, 5 ( A .5
 .COROLLARY 4.7. The group J is pX, pX, qY -generated for all odd4
primes p - q.
w xProof. This follows immediately from an application of Lemma 2 in 3
to the results in Sections 2]4.
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TABLE IV
Structure Constants
 .  .  .qY D 2 A, qY, 37Z D 2 B, qY, 37Z D 3 A, qY, 37ZJ J J4 4 4
3 A 2775 15577 }
5 A 742516 6790686 5072686976
7Y 4534720 57289024 38526261248
11 A 144633 1447884 1051593280
11B 19176915 191320932 138814310144
23 A 159229315 2110989860 1396493919744
29A 126424375 1674630804 1107572629504
31Y 128404837 1540858044 1051892424704
 .  .  .qY S 2 A, qY, 37Z S 2 B, qY, 37Z S 3 A, qY, 37ZU 11.:2 U 11.:2 U 11.:23 3 3
3 A 111 0 }
5 A 666 0 24642
7Y 0 0 0
11 A 0 0 222
11B 333 0 12210
23 A 0 0 0
29A 0 0 0
31Y 0 0 0
 .  .  .qY D 5 A, qY, 37Z D 7X, qY, 37Z D 11 A, qY, 37ZJ J J4 4 4
7Y 15337964134400 } }
11 A 407886901248 3229054205952 }
11B 53841070964736 426235155185664 11292643980331
23 A 558909157900288 4494857809690264 117753848433883
29A 443272697708544 3564887889936384 93391057407791
31Y 416549400182784 3332395201462272 87628725367117
 .  .  .qY S 5 A, qY, 37Z r S 7X, qY, 37Z S 11 A, qY, 37ZU 11.:2 U 11.:2 U 11.:23 3 3
7Y 0 } }
11 A 666 0 }
11B 87912 0 333
23 A 0 0 0
29A 0 0 0
31Y 0 0 0
 .  .  .qY D 11B, qY, 37Z D 23 A, qY, 37Z D 29A, qY, 37ZJ J J4 4 4
23 A 15543510806981993 } }
29A 12327611758700293 130293503609950549 }
31Y 11566991620054607 121704868165906751 96524550711750403
 .  .  .qY S 11B, qY, 37Z S 23 A, qY, 37Z S 29A, qY, 37ZU 11.:2 U 11.:2 U 11.:23 3 3
23 A 0 } }
29A 0 0 }
31Y 0 0 0
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TABLE V
Structure Constants
 .  .  .qY D 2 A, qY, 43Z D 2 B, qY, 43Z D 3 A, qY, 43ZJ J J4 4 4
3 A 1118 19608 }
5 A 586004 7071436 4845943136
7Y 4733956 56776684 38801707040
11 A 124055 1511880 1023541728
11B 16385881 197575884 134774400512
23 A 173311113 2073590892 1417341820928
29A 137395621 1646083516 1124351483904
31Y 128604271 1540975318 1051951119360
37Y 107623969 1290981260 881315274752
 .  .  .qY D 5 A, qY, 43Z D 7X, qY, 43Z D 11 A, qY, 43ZJ J J4 4 4
7Y 15373194571776 } }
11 A 404128866304 3233159261696 }
11B 53356774293504 426859549343744 11227855342721
23 A 561447296270336 4491550031872000 118098018600593
29A 445276945022976 3562200556896265 93674297355661
31Y 416551275241472 3332397088145408 87628875437031
37Y 349000783986688 2792007308935168 73418660015849
 .  .  .qY D 11B, qY, 43Z D 23 A, qY, 43Z D 29A, qY, 43ZJ J J4 4 4
23 A 15590084680075323 } }
29A 12364777698047247 130098307218469887 }
31Y 11567011172473581 121704868043084733 96524550809160969
37Y 9691263229674499 101968950013794867 80871920784987431
 .  .qY D 31 X, qY, 43Z D 37X, qY, 43ZJ J4 4
31Y 90297109693149531 }
37Y 75654377508536629 63386103646837684
5. nX-COMPLEMENTARY GENERATIONS OF J4
We immediately prove the main result in this section.
THEOREM 5.1. The Janko group J is nX-complementary generated if and4
only if n ) 2.
< <Proof. Let p be any fixed odd prime dividing J . Then we showed in4
the previous sections that if qY is any conjugacy class of J with prime4
 .order elements, then J is pX, qY, 43 A -generated. It therefore follows4
w xthat J is pX-complementary generated, p an odd prime. We showed in 74
that any finite simple group is not 2 X-complementary generated.
 .The group J contains no maximal hence proper subgroup with ele-4
ments of order 4 and 37. Therefore for any conjugacy class qY of J with4
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TABLE VI
Structure Constants
 .  .  .pX D pX, 4 A, 37A D pX, 4B, 37A D pX, 4C, 37AJ J J4 4 4
2 A 185 60828 66896
2 B 10767 460576 1154400
3 A 5062932 357396172 723809392
5 A 2271440064 134347811632 296192040064
7X 19262751744 1046886709504 2407377074176
11 A 485932544 28051642944 62591705344
11B 64150420032 3702833982144 8262358917120
23 A 709326976320 38091608783552 88119142599680
29A 562575925824 30210548153280 69887878849536
31 X 517728302784 28475056653120 65085843778560
37X 426665984256 24037623515392 54285945874432
43 X 373243698240 20528464402880 46922413491200
U  .  .  4prime order elements D qY, 4 X, 37A s D J , where X g A, B, C .J 44
From Table VI we observe that this value is positive for all cases and
therefore J is 4 X-complementary generated.4
 w x.It is clear cf. 4 that if nX is any of the remaining conjugacy classes of
 .mJ , then there is a positive integer m such that nX is a class with4
elements of order 4 or p, where p is an odd prime. Thus the result follows
w xfrom Lemma 2.2 in 7 .
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